In this paper, we consider both Einstein's theory of general relativity and the teleparallel gravity (the tetrad theory of gravitation) analogs of the energy-momentum definition of Møller in order to explicitly evaluate the energy distribution (due to matter and fields including gravity) associated with a general black hole model which includes several well-known black holes. To calculate the special cases of energy distribution, here we consider eight different types of black hole models such as anti-de Sitter Cmetric with spherical topology, charged regular black hole, conformal scalar dyon black hole, dyadosphere of a charged black hole, regular black hole, charged topological black hole, charged massless black hole with a scalar field, and the Schwarzschild-de Sitter space-time. Our teleparallel gravitational result is also independent of the teleparallel dimensionless coupling constant, which means that it is valid not only in teleparallel equivalent of general relativity but also in any teleparallel model. This paper also sustains (a) the importance of the energy-momentum definitions in the evaluation of the energy distribution of a given spacetime and (b) the viewpoint of Lessner that the Møller energy-momentum complex is the powerful concept to calculate energy distribution in a given space-time.
INTRODUCTION
It is possible to evaluate the energy distribution and momentum by using various energymomentum complexes. A large number of formulations of the gravitational energy, momentum and angular momentum have been given. Some of them are coordinate independent and other are coordinate-dependent. There lies a dispute on the importance of non-tensorial energy-momentum complexes whose physical interpretations have been questioned by a number of physicists, including Weyl, Pauli and Eddington. Also, there exists an opinion that the energy-momentum pseudo-tensors are not useful to find meaningful results in a given geometry. Ever since the Einstein's energy-momentum complex [1] , used for calculating energy and momentum in a general relativistic system, many attempts have been made to evaluate the energy distribution for a given spacetime [2] . Except for the one which was defined by Møller, these definitions only give meaningful results if the calculations are performed in "Cartesian" coordinates. Møller constructed an expression which enables one to evaluate energy and momentum in any coordinate system. Lessner [3] argued that the Møller prescription is a powerful concept of energy-momentum in general relativity.
Several examples of particular space-times have been investigated and different energy-momentum formulations are known to give the same energy distribution for a given space-time [4] . For instance, in Phys. Rev. D60-104041 (1999), Virbhadra, using the energy and momentum complexes of Einstein, Landau-Lifshitz, Papapetrou and Weinberg for a general non-static spherically symmetric metric of the Kerr-Schild class, showed that all of these energy-momentum formulations give the same energy distribution as in the Penrose energy-momentum formulation. Albrow [5] and Tryon [6] assumed that the net energy of the universe may be equal to zero. The subject of the energy-momentum distributions of closed and open universes was initiated by an interesting work of Cooperstock and Israelit [7] . They found the zero value of energy for any homogenous isotropic universe described by a Friedmann-Robertson-Walker metric in the context of general relativity. This interesting result influenced some general relativists [8] .
Recently, the problem of energy-momentum localization has also been considered in teleparallel gravity [9] . The authors found that energy-momentum also localize in this alternative theory of gravitation, and their results agree with some previous papers which were studied in the general theory of relativity. In Gen. Relat. Gravit. 36, 1255(2004) ; Vargas, using the definitions of Einstein and Landau-Lifshitz in teleparallel gravity, found that the total energy is zero in Friedmann-Robertson-Walker spacetimes. Recently, Saltı, Aydogdu and their collaborators [10] have calculated the energymomentum density using different complexes for a given space-time both in general relativity and the teleparallel theory of gravity and obtained the same results.
The paper is organized as follows. In the next section, we introduce a general black model, and give some well-known black hole solutions as examples for the general model. Next, in section 3, we give the energy-momentum definitions of Møller both in Einstein's theory of general relativity and the teleparallel gravity. Section 4 gives us the calculations for the energy distribution. In section 4, we compute the energy of seven special black hole models introduced in section 1. Finally, section 5 is devoted to summary and conclusions.
Notations and conventions: c = h = 1, metric signature (−, +, +, +), Greek indices run from 0 to 3 and, Latin ones from 1 to 3. Throughout this paper, Latin indices (i, j, ...) number the vectors, and Greek indices (µ, ν,...) represent the vector components.
Black hole models to be considered
A general black hole model can be given as
This space-time model can be reduced to some well-known black holes under special choices of V (r). One can easily find lots of models which are special cases of our general line-element. Here we give a few of them as examples.
1. Anti-de Sitter C-metric with spherical topology; This black hole model can be obtained by choosing [11, 12] 
This model has a cosmological horizon and its charged version has only one black hole horizon (as opposed to the charged case which has an inner and an outer black hole horizon).
Charged regular black hole;
The Reissner-Nordstrom [13] solution represents an electrically charged black hole. This is also special case of the anti-de Sitter C-metric, and it can be defined by choosing Λ = 0.
where q and m are the electric charge and respectively the mass of the black hole. A solution to the coupled system of the Einstein field and equations of the nonlinear electrodynamics was recently given by E. Ayon-Beato and A. Garcia [14] . This solution represents a regular black hole with mass m and electric charge q and avoids thus the singularity problem. Also, the metric at large distances behaves as the Reissner-Nordstrom solution. The usual singularity of the Reissner-Nordstrom solution, at r = 0, has been smoothed out and now it simply corresponds to the origin of the spherical coordinates. The line-element is given by (1) with
If the electric charge vanishes, we reach the Schwarzschild solution. At large distance (4) resembles the Reissner-Nordstrom solution and can be written as
3. Conformal scalar dyon black hole; Virbhadra [15] gave an exact solution of Einstein-Maxwell conformal scalar field equations which is a black hole solution and is characterized by scalar, charge, magnetic charge and electric charge. This solution is given by the line element which is defined by the conditions
and the conformal scalar field is given by
with q s the scalar charge and where
so, this case describes A Conformal Scalar Dyon Black Hole solutions. 4. Dyadosphere of a charged black hole; The event horizon of a charged black hole is, according to Ruffini [16] and Preparata et. al. [17] , surrounded by a special region called the dyadosphere where the electromagnetic field exceeds the Euler-Heisenberg critical value for electron-positron pair production. The new concept of dyadosphere of an electromagnetic black hole was introduced by Ruffini to explain gamma ray bursts. Ruffini defined the dyadosphere as the region just outside the horizon of a charged black hole whose electromagnetic field strength is larger than the well-known Heisenberg-Euler critical value
where m e and e denote mass and charge of an electron, respectively. For a Reissner-Nordstrom black hole, the dyadosphere is defined by the radial interval r + ≤ r ≤ r ds where the horizon
forms the inner radius of the dyadosphere, while its outer radius is given by
where M, Q, m p = hc G and q c = √h c are mass, charge parameters, the Planck mass and the Planck charge, respectively. The total energy of electron-positron pairs converted from static electric energy and deposited within the dydosphere is obtained [18] as
De Lorenci, Figueiredo, Fliche and Novello [19] found the correction for the Reissner-Nordstrom metric from the first contribution of the Euler-Heisenberg Lagrangian and obtained the following condition for the line-element (1)
By writing σ = 0, we obtain the Reissner-Nordstrom space-time. De Lorenci et. al.
showed that the correction term σQ 4 5R 6 is of the same order of magnitude as the Reissner-Nordstrom charge term Q 2 2R 2 . 5. Regular black hole; Bardeen [20, 21] constructed a well-known model that represents a regular black hole obeying the weak energy condition. And it was powerful in shaping the direction of research on the existence or avoidance of singularities. This model uses the Reissner-Nordstrom metric as inspiration. The metric expressed in standard spherical coordinates (t, r, θ, φ) is given by the condition
when e 2 < 16 27 m 2 , there is an event horizon. There are values R ± of R such that the region R − < R < R + contains trapped surfaces. The model obeys the null convergence, yet it contains no physical singularities. It is to be noticed that if we take charge e = 0, the case given above reduces to the Schwarzschild metric.
6. Charged topological black hole; The line element [22] can be given with
with α > 0 (the scalar field is real provided α > 0) and the only non-zero component of electromagnetic field is
The integration constants q and µ are not independent. They are related as
The mass M, and the electric charge Q are given by
respectively, where σ denotes the area of Σ. 7. Charged massless black hole with a scalar field ; This model can be obtained from the charged topological black hole solution by taking m = 0 [22] ,
8. The Schwarzschild-de Sitter space-time;
here M is the mass of the black hole, and l 2 is related to the positive cosmological constant. The space-time model has more than one horizon if 0 < χ < 1 27 where
The black hole horizon r h and the cosmological horizon r c are located [23] , respectively, at
where Ξ = arccos(3 3χ).
3. The Energy Formulation of Møller
In General Relativity
The energy and/or momentum complex of Møller [2] in general relativity is given by
satisfying the local conservation laws:
where the antisymmetric super-potential χ να µ is
The locally conserved energy-momentum complex M ν µ contains contributions from the matter, non-gravitational and gravitational fields. M 0 0 is the energy density and M 0 a are the momentum density components. The momentum four-vector of Møller is given by
Using Gauss's theorem, this definition transforms into
where µ a (where a = 1, 2, 3) is the outward unit normal vector over the infinitesimal surface element dS. P i give momentum components P 1 , P 2 , P 3 and P 0 gives the energy.
In the Tetrad Theory of Gravitation
The teleparallel theory of gravity (the tetrad theory of gravitation) is an alternative approach to gravitation and corresponds to a gauge theory for the translation group based on Weitzenböck geometry [24] . In the theory of teleparallel gravity, gravitation is attributed to torsion [25] , which plays the role of a force [26] , and the curvature tensor vanishes identically. The essential field is acted by a nontrivial tetrad field, which gives rise to the metric as a by-product. The translational gauge potentials appear as the nontrivial item of the tetrad field, so induces on space-time a teleparallel structure which is directly related to the presence of the gravitational field. The interesting place of teleparallel theory is that, due to its gauge structure, it can reveal a more appropriate approach to consider some specific problem. This is the situation, for example, in the energy and momentum problem, which becomes more transparent.
Møller modified general relativity by constructing a new field theory in teleparallel space. The aim of this theory was to overcome the problem of the energy-momentum complex that appears in Riemannian Space [27] . The field equations in this new theory were derived from a Lagrangian which is not invariant under local tetrad rotation. Saez [28] generalized Møller theory into a scalar tetrad theory of gravitation. Meyer [29] showed that Møller theory is a special case of Poincare gauge theory [30, 31] .
In teleparallel gravity, the superpotential of Møller is given by Mikhail et al. [9] as
where ξ αβµ = h iα h i β;µ is the con-torsion tensor and h µ i is the tetrad field and defined uniquely by g αβ = h α i h β j η ij (here η ij is the Minkowski space-time). κ is the Einstein constant and λ is free-dimensionless coupling parameter of teleparallel gravity. For the teleparallel equivalent of general relativity, there is a specific choice of this constant.
Φ ρ is the basic vector field given by
and P τ νβ χρσ can be found by
with g νβ ρσ being a tensor defined by
The energy-momentum density is defined by
where comma denotes ordinary differentiation. The energy is expressed by the surface integral;
where η ζ is the unit three-vector normal to surface element dS.
Calculations
In this part of the study, we will calculate the energy distribution (due to matter and fields including gravity) for a general metric that includes seven black hole models introduced in section 1.
In Genaral Relativity
The matrix of the g µν is defined by
and its inverse g µν is
For the line-element (1), under consideration, we calculate
which is the only required component of χ να µ for our purpose. Here, the index r indicates derivative with respect to r.
In Teleparallel Gravity
The general form of the tetrad, h µ i , having spherical symmetry was given by Robertson [32] . In the Cartesian form it can be written as 
where {X µ } and X ν ′ are, respectively, the isotropic and Schwarzschild coordinates (t, r, θ, φ). In the spherical, static and isotropic coordinate system X 1 = r sin θ cos φ, X 2 = r sin θ sin φ, X 3 = r cos θ. We obtain the tetrad components as
where i 2 = −1. Hence, the required non-vanishing component of U νβ µ is [33, 34] 
Solutions for Special Black Hole Models
In this section, we consider equations (38) and (42) with equations (29) and (35) to find exact solutions for the energy distributions associated with the aforementioned black hole models.
1. Anti-de Sitter C-metric with spherical topology; In this black hole solution, the energy distribution is calculated as
and without cosmological constant the energy becomes the following form
at a large distances
According to the Cooperstock hypothesis [37] , the energy is confined to the region of non-vanishing energy-momentum tensor of matter and all non-gravitational fields.
2. Charged regular black hole; By using energy integrals and writing κ = 8π in the second one defined in the teleparallel gravity, the energy is obtained both in general relativity and the teleparallel gravity as
For the same black hole metric, by using the general relativity version of Møller energy, Radinschi [35] found that the energy is E = m 1 − tanh( q 2 2mr ) − q 2 2r 1 − tanh 2 ( q 2 2mr ) . Hence, we found that the teleparallel Møller's energy is the same as the general relativistic one. This energy is an acceptable one, because the black hole under consideration is charged and our result also sustains the viewpoint of Lassner [36] that the Møller energy-momentum complex is a powerful concept of energy and momentum. The energy distribution of a charged regular black hole reduces to m as r → ∞, corresponding to lim r→∞ E(r) = m.
(48)
Conformal scalar dyon black hole;
The total energy distribution of a conformal scalar dyon black hole is found both in general relativity and the teleparallel gravity as
In literature, Radinschi [35] , the energy distribution of a conformal scalar dyon black hole was found E = Q CSD (1 − Q CSD r ). Our result is exactly the same as Radinschi's result. Hence, we found that (a) our result is an acceptable one, because the black hole under consideration is charged and (b) the general relativistic result and the tele-parallel gravitational one agree with each other. The energy distribution of a conformal scalar dyon black hole reduces to Q CSD as r → ∞, corresponding to
Hence, the energy(due to matter plus fields) is given by parameter Q CSD which is the charge for this metric. 4. Dyadosphere of a charged black hole; The energy of the dyadosphere of a charged black hole is obtained as
In the previous paper Xulu [38] , using the Einstein, Landau-Lifshitz, Papapetrou and Weinberg prescriptions found that the energy associated with the dyadosphere of a charged black hole is
It is obvious that in the dyadosphere region (where r is small) the lats term of energy definition plays a very important role. As expected, σ = 0 gives the energy distribution 
8. The Schwarzschild-de Sitter space-time; We have the following energy distribution which depends on the mass of the Schwarzschild-de Sitter black hole.
In the special case where there is no cosmological constant, we obtain the energy distribution as lim l→∞ E(r) = M.
(62)
Summary and Discussions
Møller showed that a tetrad description of a gravitational field equation allows a more satisfactory treatment of the energy-momentum complex than does general relativity. Therefore, we have also applied the super-potential method by Mikhail et. al. [9] to calculate the energy of the central gravitating body.
Recently, one of us [10] has considered the Møller energy-momentum definition in both general relativity and teleparallel gravity for the viscous Kasner-type metric and calculated the same energy. Also the result of that paper agrees with some of the previous papers by Cooperstock and Israelit, Rosen, Johri et al., Banerjee-Sen in general relativity and by Vargas in teleparallel gravity.
In this paper, in order to investigate the energy associated with a general black hole model with some of its special cases, we considered the Møller energy-momentum formulation in both general relativity and teleparallel gravity. We obtained that the energy distribution is the same in both of these different gravitation theories. It is also independent of the teleparallel dimensionless coupling constant, which means that it is valid not only in teleparallel equivalent of general relativity but also in any teleparallel model.
In the special cases, we obtained eight different black hole models, such as antide Sitter C-metric with spherical topology, charged regular black hole, conformal scalar dyon black hole, dyadosphere of a charged black hole, regular black hole, charged topological black hole, charged massless black hole with a scalar field, and the Schwarzschild-de Sitter space-time. For these black hole models, we obtained energy distribution (due to matter and fields including gravity) associated with them and also considered some limits of those results.
Finally, this paper sustains (a) the importance of the energy-momentum definitions in the evaluation of the energy distribution of a given spacetime and (b) the viewpoint of Lessner that the Møller energy-momentum complex is the powerful concept to calculate energy distribution in a given space-time.
